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GROWTH OF FINITELY GENERATED SIMPLE LIE ALGEBRAS
BE’ERI GREENFELD
Abstract. We realize any submultiplicative increasing function which is equiv-
alent to a polynomial proportion of itself as the growth function of a finitely
generated simple Lie algebra. As an application, we resolve two open problems
posed by Petrogradsky on Lie algebras with intermediate growth.
1. Introduction
Let A be a finitely generated algebra. Pick a finite dimensional vector space V
which generates the algebra over the base field F , and consider the sequence:
γA,V (n) = dimF
(
V + V 2 + · · ·+ V n)
where V n is the space spanned by all n-fold products of elements from V . For
example, in the associative unital case one can choose 1 ∈ V and so V n ⊆ V n+1.
This function encodes important combinatorial, algebraic and geometric data of
the algebra under investigation. In fact, this function is independent of choice of
V up to a natural equivalence relation (to be discussed in the sequel); hence, from
now on, we think of γA(n) as the growth function of A, knowing it is well defined
only up to equivalence.
The problem of describing how growth functions of finitely generated associa-
tive algebras look like has inspired a flurry of interesting research articles; see, for
instance, [4, 5, 7, 8, 21]. For more on growth of algebras see [9].
The behavior of growth functions of Lie algebras is rather different compared to
growth of associative algebras, and seems, from certain points of view, even more
enigmatic. For instance, they need not obey Bergman’s gap theorem (which asserts
that the growth of an associative algebra cannot be super-linear and subquadratic);
polynomial growth rate for complex (finitely) Z-graded simple Lie algebras is very
rigid, in the sense that it forces one of several concrete structure (by Matiheu’s
classification, solving Kac’s conjecture [11]); there exist examples of nil Lie algebras
of polynomial growth for arbitrarily large base fields [19] (the analog for associative
algebras is unknown for uncountable fields); etc.
Interesting connections between growth of Lie algebras and the growth of their
universal enveloping algebras were studied in [14, 15, 16, 17, 20]. This work moti-
vates our main theme in this note, whose aim is to prove the following:
Theorem 1.1. Let f : N → N be an increasing, submultiplicative function such
that f(n) ∼ nf(n). Then there exists a finitely generated simple Lie algebra g whose
growth function satisfies:
γg(n) ∼ f(n).
Mathematics Subject Classification: 16P90, 17B65, 17B20.
1
2 BE’ERI GREENFELD
As an application, we are able to answer two questions left open by Petrogradsky
(Corollaries 3.1 and 3.2). Petrogradsky defined a hierarchy of dimensions, Dimq
and Dimq for q = 1, 2, . . . which can be associated with any growth function. He
constructed Lie and associative algebras of interesting growth types, including non-
integral q-dimensions, and left as an open problem [15, Remark in page 347] and
[16, Remark in page 651] the question of whether for all q = 3, 4, . . . and for all
σ ∈ (0, 1) there exists a Lie algebra g with Dimq(g) = Dimq(g) = σ. We answer
this in the affirmative in Corollary 3.1.
Petrogradsky also observed that there exist functions whose growth functions ‘lie
between’ the layers (namely, Dimq(g) =∞ and Dimq+1(g) = 0) and left open [14,
Page 464] the question whether there exist Lie algebras lying between the layers. As
another byproduct of our work, we are able to construct Lie algebras lying between
Dimq and Dimq+1 for each q ∈ N (Corollary 3.2).
We remark that Petrogradsky’s questions do not involve simple Lie algebras, and
our solutions to them can be derived, in fact, from Lemma 2.1; however, we feel
that Theorem 1.1 is of its own interest, and after proving it in Section 2 we are
able to provide constructions solving Petrogradsky’s questions within the class of
simple Lie algebras (in Section 3). We remark that simple groups of intermediate
growth were only recently constructed (by Nekrashevych, see [13]).
The resulting Lie algebras of Theorem 1.1 are Z-graded (but the homogeneous
components are infinite-dimensional). Note that the condition that f(n) ∼ nf(n)
is satisfied by any ‘sufficiently regular’ growth function which is rapid at least as
nlnn (also mentioned in [21]; however, pathological counterexamples exists).
Our construction combines ingredients of four flavors:
• Methods developed in [7] and slightly improved here for controlling the
complexity growth of uniformly recurrent words;
• Theory of convolution algebras of e´tale groupoid algebras of Bernoulli shifts
developed by Nekrashevych in [12];
• Finite generation results by Alahmadi, Alsulami, Jain and Zelmanov from
[1, 2];
• Classical result of Baxter [3] on simplicity of commutator Lie algebras mod-
ulo its intersection with the center.
2. Growth of simple Lie algebras
Let F be an arbitrary base field (resp. of characteristic 6= 2) and let A be a finitely
generated associative (resp. Lie) F -algebra. Recall that the growth function of A
with respect to a generating subspace (resp. Lie generating subspace) is:
γA,V (n) = dimF
(
n∑
i=0
V i
)
or, if A is a Lie algebra:
γA,V (n) = dimF
(
n∑
i=0
V [i]
)
where V [i] is spanned by all length-i Lie products of elements from V . This function
is independent of choice of V up to the following equivalence relation: we say that
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f  g if f(n) ≤ Cg(Dn) for some C,D > 0 and for all n ∈ N, and f ∼ g if f  g
and g  f .
We begin with the following construction, enabling us to transfer from growth
functions of certain monomial algebras to growth functions of finitely generated Lie
algebras. Given an associative algebra A let [A,A] be the Lie algebra spanned by
all (additive) commutators in A.
Lemma 2.1. Let A be a finitely generated monomial algebra generated by two
nilpotent elements whose center is trivial. Then the Lie algebra A = [A,A] is
finitely generated and:
γA(n) ∼ γA(n).
Proof. Let A = F 〈x1, x2〉 /I with I ⊳ F 〈x1, x2〉 a monomial ideal containing xt1, xt2
for some t ∈ N. Write A = ⊕∞n=0A(n) the homogeneous decomposition with
respect to the length-induced grading on A. We claim that for all n > 2 we have
that
dimF (A ∩ A(n)) ≥ 1
4
dimF A(n− 2).
Fix n > 2 and write A(n − 1) = x1S1 ⊕ x2S2 where S1,2 ⊆ A(n − 2), and observe
that for some i ∈ {1, 2} we have:
dimF xiSi ≥ 1
2
dimF A(n− 1).
Now Ker(adx1)∩Ker(adx2) = Z(A) = F has zero intersection with A(m) for m > 0
so for some j ∈ {1, 2} we have that
dimF
(
Ker(adxj ) ∩ xiSi
) ≤ 1
2
dimF xiSi,
It follows that:
dimF (A ∩A(n)) ≥ dimF adxj (xiSi) ≥
1
2
dimF xiSi ≥ 1
4
dimF A(n− 2).
To complete the proof, notice that by [1], the Lie algebra A is finitely generated,
say, by some finite dimensional space V (we may assume V is homogeneous). Then
for all k we have that A∩A(k) ⊆∑∞m=0 V [m] so applying the k-th degree projection
Tk : A→ A(k) for arbitrary n ≥ k we observe that
A ∩ A(k) = Tk(A ∩A(k)) ⊆ Tk(
n∑
m=0
V [m])
so:
γA(n) ∼ dimF
n∑
m=0
V [m] ≥ dimF
n⊕
m=3
(A ∩ A(m)) ≥ 1
4
dimF
n−2⊕
m=1
A(m) ∼ γA(n).
On the other hand, it is evident that
γA(n) ∼ dimF
n∑
m=0
V [m] ≤ dimF
dn⊕
m=0
A(m) ∼ γA(n)
where d is the maximum degree of elements from V , so finally γA(n) ∼ γA(n), as
desired. 
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Suppose Σ = {x1, . . . , xd} is a finite alphabet. An infinite word w ∈ ΣN is
recurrent if every factor appears infinitely many times, and uniformly recurrent if
for every factor u of w there exists a constant C = C(u) such that every factor of
w of length C contains a copy of u. The complexity function of w is:
cw(n) := #{length-n factors of w}.
The monomial algebra associated with w, denoted Aw is the quotient of the free
algebra F 〈Σ〉 modulo the ideal generated by all monomials which do not appear
as factors of w. The growth of Aw satisfies γAw(n) ∼ cw(1) + · · · + cw(n). It is
known that Aw is prime if and only if w is recurrent, and is just-infinite if and only
if w is uniformly recurrent. For more on monomial algebras, see [5]. We need the
following technical lemma for the sequel:
Lemma 2.2. Suppose w is an infinite word in ΣN. Then there exists an infi-
nite word w′ ∈ {x, y}N with cw(n) ∼ cw′(n) such that if moreover w is recurrent
(resp. uniformly recurrent) then so is w′.
Proof. Consider the substitution σ : Σ∗ → {x, y}∗ given by σ : xi 7→ xyi. Then σ
substitutes w into an infinite word in {x, y}N, say, w′. It is straightforward to check
that w′ is recurrent (resp. uniformly recurrent) if w is.
To calculate the complexity growth of w′, notice that:
cw(n) ≤ cw′((d+ 1)n)
since σ carries length-n factors of w to factors of w′ of length ≤ (d+ 1)n. For the
opposite direction, fix a factor v′ of w′. It is possible to extend v′ with yi from the
right and with xyj (0 ≤ i, j ≤ d) from the left such that the resulting word has the
form σ(v) where v is a factor of w. This process gives rise to a map of monomials:
Ψ : {length-n factors of w′} →
2d+2⋃
p=0
{length-(n+ p) factors of w}
such that a factor of w has at most (d+1)2 preimages (d+1 possibilities to delete
letters from each side). Thus
cw′(n) ≤ (d+ 1)2
2d+2∑
p=0
cw(n+ p).
Therefore cw(n) ∼ cw′(n). 
We need the following improved version of [7, Theorem 2.1]:
Theorem 2.3. Let g : N → N be an increasing, submultiplicative function such
that g(n) ∼ ng(n). Then there exists a uniformly recurrent word w on some finite
alphabet such that cw(n) ∼ g(n).
Proof. We define a new function, f(n) = ng(n). It is evident that f ∼ g is increasing
and submultiplicative as long as g is. We do not repeat the construction from [7]
but rather explain the adjustment we made in the formulation of the result. Indeed,
the proof of [7, Theorem 2.1] produces a monomial algebra which is Aw for a certain
unifromly recurrent word w on some finite alphabet.
(1) The first condition of [7, Theorem 2.1] (namely, that nf(n) ≤ f(αn) for
some α > 0) is satisfied a-fortiori.
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(2) The second condition (namely, that for all β > 0 there exists some nβ such
that for all n ≥ nβ we have that f(2n+1) ≤ 1β f(2n)2) is easily seen to be
satisfied:
f(2n+1)
f(2n)2
=
g(2n+1)
2n−1g(2n)2
≤ 1
2n−1
n→∞−−−−→ 0
(3) As for the third condition (namely, that
∏∞
n=0
(
1 + f(2
n)
f(2n+1)
)
is convergent),
notice that as mentioned in in [8, Section 3.1] we may assume f(2tn) ≥
nf(n) for some t ∈ N and replace f(n) with:
f ′(n) =
t−1∑
i=0
n−
i
t f(2in) ∼ f(n) ∼ g(n)
which is increasing, submultiplicative and satisfies f ′(2n) ≥ 12n
1
t f ′(n) so
f ′(2n)
f ′(2n+1) decay exponentially and thus we may assume that
∏∞
n=0
(
1 + f(2
n)
f(2n+1)
)
is convergent.
Finally, we obtain a uniformly recurrent word w whose complexity function sat-
isfies:
cw(n) ∼ f ′(n) ∼ f(n) ∼ g(n).

We are now ready to prove Theorem 1.1:
Proof of Theorem 1.1. Let f : N → N be an increasing, submultiplicative, uni-
formly subexponential function such that f(n) ∼ nf(n), then by Theorem 2.3 there
exists a uniformly recurrent word w on some a finite alphabet with cw(n) ∼ f(n).
By Lemma 2.2 there exists a uniformly recurrent word w′ on a two-letter alphabet
with cw′(n) ∼ f(n). Consider the monomial algebra Aw′ . Then it satisfies the con-
ditions of Lemma 2.1 (since w′ is uniformly recurrent the two letters do not have
arbitrary powers which are factors, so Aw′ is generated by two nilpotent elements,
and since w′ is uniformly recurrent and aperiodic then Z(Aw′) = F ). But since
f(n) ∼ nf(n):
γ[Aw′ ,Aw′ ](n) ∼ γAw′ (n) ∼ f(n).
Now observe that since w′ is recurrent, we may assume it is bi-infinite, namely, its
hereditary language is the same as of a uniformly recurrent word in {0, 1}Z; for
simplicity we call it w′ as well. Now consider the subshift of {0, 1}Z generated by
w′ and denote its closure by Xw′ ; this gives rise to an e´tale groupoid Gw′ with
convolution algebra F [Gw′ ] (for a comprehensive exposition of these algebras, we
refer the reader to [12]). Note that
F [Gw′ ] = F [Dx, Dy, T
±1]
is generated by the characteristic functions of the cylindrical sets
{u ∈ Xw′ |u(0) = x}, {u ∈ Xw′ |u(0) = y}
associated with x and y (namely, Dx and Dy, respectively) and the characteristic
functions of the sets of germs of the shift and its inverse, T±1. Notice that we have
a ring homomorphism
φ : Aw′ → F [Gw′ ]
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given by
φ(x) = DxT, φ(y) = DyT
Since w′ is uniformly recurrent, Aw′ is a just-infinite algebra and φ is an injective
homomorphism. Thus φ reduces to an embedding of the associated Lie algebras:
φ˜ :
[Aw′ , Aw′ ]
Z(Aw′) ∩ [Aw′ , Aw′ ] −→
[F [Gw′ ], F [Gw′ ]]
Z(F [Gw′ ]) ∩ [F [Gw′ ], F [Gw′ ]]
Denote the range of φ˜ by g. Since w′ is uniformly recurrent, it generates a minimal
subshift and so F [Gw′ ] is a simple F -algebra (see [12, Propsition 4.1]). By Baxter’s
theorem [3], g is a simple Lie algebra. We note that g is finitely generated. Indeed,
by [2, Theorem 1] if R is a finitely generated associative algebra with an idempotent
e ∈ R such that ReR = R(1 − e)R = R then [R,R] is finitely generated as a Lie
algebra. Since F [Gw′ ] is simple and finitely generated, any idempotent 6= 0, 1
satisfies the required property; in particular, we can take e = Dx. Now evidently
γg(n)  γF [Gw′ ](n) ∼ ncw′(n) ∼ f(n)
(the middle inequality follows from [12, Proposition 4.5]) and since φ˜ is injective
and its domain is equal to [Aw′ , Aw′ ] at most up to a 1-dimensional subspace then:
f(n) ∼ γ[Aw′ ,Aw′ ](n)  γg(n),
and the claim follows. 
3. Remarks and applications
Let g be a finitely generated Lie algebra with Li monomials of length i. Smith [20]
established the connection between the growth of g and the growth of its universal
enveloping algebra U(g) by the following formula:
∞∑
n=0
λU (n)t
n =
∞∏
i=1
1
(1− ti)Li
where λU (n) = γU(g)(n) − γU(g)(n − 1) is the discrete derivative of the growth
function of U(g). Using this, she was able to construct universal enveloping algebras
with intermediate growth rate.
Petrogradsky carried this connection several steps further: in [14, 15, 17], he
studied the the following hierarchy of functions for q = 1, 2, 3, . . . and α ∈ R+:
Φ1α(n) = α,
Φ2α(n) = n
α,
Φ3α(n) = exp(n
α/(α+1)),
Φqα(n) = exp
(
n
(ln(q−3) n)1/α
)
for q = 4, 5, . . .
Where ln(1) n = lnn, ln(q+1) n = ln(ln(q) n). Petrogradsky proved interesting con-
nections between the growth of a finitely generated Lie algebra and the growth of
its universal enveloping algebra in terms of the above hierarchy. He defined the
following notions of dimensions for growth functions (called q-dimensions):
Dimqf(n) = inf{α ∈ R+|f(n) ≤ Φqα(n) ∀n≫ 1},
Dimqf(n) = sup{α ∈ R+|f(n) ≥ Φqα(n) ∀n≫ 1}.
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Petrogradsky constructed Lie and associative algebras of interesting growth types,
including non-integral q-dimensions; he then left as an open problem [15, Remark
in page 347] and [16, Remark in page 651] if for q = 3, 4, . . . for all σ ∈ (0, 1) there
exists a Lie algebra g with Dimq(g) = Dimq(g) = σ.
Using Theorem 1.1 we are now able to answer this question in the affirmative.
Corollary 3.1. For any q = 3, 4, . . . and σ ∈ (0, 1) there exists a finitely generated
Lie algebra g such that Dimq(g) = Dimq(g) = σ.
Proof. Fix q, σ. Let ϕqσ(n) = ⌈Φqσ(n)⌉. It is straightforward to check that ϕqσ is
increasing (at least for n≫ 1) and submultiplicative. In addition, for q ≥ 4:
ϕqσ(2n) ≥ exp
(
n
(ln(q−3) n)1/σ
+
√
n
)
= exp(
√
n)Φqσ(n) ≥ nϕqσ(n)
and for q = 3:
ϕ3σ(2n) ≥ exp
(
2σ/(σ+1)nσ/(σ+1)
)
≥ 2 σ(σ+1)nσ/(σ+1)Φ3σ(n) ≥ nϕ3σ(n)
for all n≫ 1. Therefore, by Theorem 1.1 there exists a finitely generated Lie algebra
g whose growth rate is γg(n) ∼ ϕqσ(n). Therefore Dimq(γg(n)) = Dimq(γg(n)) =
σ. 
We also mention that in [14], Petrogradsky notes that there exist growth func-
tions which ‘lie between’ the levels of q-dimensions: for instance, he notes that
f(n) = nlnn has that Dim2(f) = ∞ but Dim3(f) = 0, and leaves open the ques-
tion whether there exist algebras lying between levels (see page 464, there). Since
f(n) = nlnn is easily seen to satisfy the conditions of Theorem 1.1, it is equivalent
to the growth rate of a finitely generated (even simple) Lie algebra, settling this
question in the affirmative. In fact:
Corollary 3.2. For any q ≥ 2 there exists a finitely generated simple Lie algebra
g such that Dimq(γg(n)) =∞ but Dimq+1(γg(n)) = 0.
Proof. For q = 2 take an algebra whose growth rate is ∼ nlnn, as mentioned in the
above paragraph. For q ≥ 3, consider the function:
fq(n) = exp
(
n
(ln(q−2) n)lnn
)
(formally one takes ⌈fq(n)⌉.) It is straightforward to check that Dimq(fq(n)) =∞
but Dimq+1(fq(n)) = 0. In addition, it is easy to verify that fq(n) is increasing and
submultiplicative (at least for n ≫ 1), and also fq(2n) ≥ nfq(n) for n ≫ 1. Thus
by Theorem 1.1 there exists a finitely generated simple Lie algebra g whose growth
rate is γg(n) ∼ fq(n), proving the claim. 
We conclude with a remark on a question posed by B. Plotkin. In [18, Problem 6],
he asks if there exists a continuum of non-isomorphic finitely generated simple Lie
algebras over a fixed base field. It should be mentioned that in [10], Lichtman and
Passman answer the analogous question for associative algebras, assuming the base
field either contains enough roots of the unity or it is countable. Bokut, Chen and
Mo proved [6, Theorem 4.6] that an arbitrary countably generated Lie algebra over
a countable field is embeddable into a 2-generated simple Lie algebra (in particular,
this answers Plotkin’s question on Lie algebras for countable base fields). We remark
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that [12, Example 4.3] gives another answer to Plotkin’s question for associative
algebras (without any assumption on the base field), and using the arguments in
Theorem 1.1, to Plotkin’s question for Lie algebras.
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